AN UPPER BOUND ON DENSITY FOR PACKINGS OF
COLLARS ABOUT HYPERPLANES IN H"

ANDREW PRZEWORSKI

ABSTRACT. We consider packings of radius r collars about hyperplanes
in H"”. For such packings, we prove that the Delaunay cells are truncated
ultra-ideal simplices which tile H". If we place n + 1 hyperplanes in H"
each at a distance of exactly 2r to the others, we could place radius
r collars about these hyperplanes. The density of these collars within
the corresponding Delaunay cell is an upper bound on density for all
packings of radius r collars.

1. INTRODUCTION

In Euclidean geometry, an arrangement of disjoint codimension 1 hyper-
planes must consist of parallel hyperplanes. If the hyperplanes were all at
a distance of at least 2r from each other, we could inflate a collar of radius
r about each hyperplane. These collars would have disjoint interiors. One
can easily see that the densest packing of such collars is to have each collar
immediately adjacent to two others, completely filling Euclidean space.

In hyperbolic geometry, it’s actually impossible to fill space with disjoint
collars around hyperplanes. Thus, the optimal density will be less than 1,
and there is a packing problem to solve.

In an earlier paper [Prz10], we defined Delaunay cells for arrangements of
flats in H”. Now, we prove that in the specific case of codimension 1 flats,
the Delaunay cells are truncated ultra-ideal simplices and that they tile H".

Theorem 3.5. Let 111, -+ | 1l,,,41 in H" be disjoint hyperplanes which are
equidistant from some point p. If their closed Delaunay cell is m-dimensional,
then it is a truncated ultra-ideal simplex. Fach truncation face is con-
tained in one of the II;. The truncation faces are perpendicular to all non-
truncation faces (of any dimension) that intersect them.

Theorem 3.8. Let P be a symmetric cocompact arrangement of hyperplanes
in H'™ Then almost every point of H" is in exactly one open n-dimensional
Delaunay cell. In other words, the Delaunay cells tile H™.

We will provide an upper bound on density for packings of collars about
hyperplanes. This upper bound is achieved by placing n + 1 hyperplanes in
H", each at a distance of exactly 2r from the others. We form a Delaunay
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cell which is a truncated regular ultra-ideal simplex and denote the density
within this cell as d, (7).

Corollary 5.11. For packings of radius r collars about hyperplanes in H",
the density is at most dy(r).

This generalizes a two-dimensional result of Marshall and Martin [MMO3].

In Section 2, we review the definition of Delaunay cells from [Prz10]. In
Section 3, we prove Theorems 3.5 and 3.8. In Section 4, we use orthoschemes
to study density and demonstrate that orthoschemes with shorter sides will
achieve higher densities. Finally, in Section 5, we prove Corollary 5.11.

2. DEFINITION OF DELAUNAY CELLS

Here, we take some of the definitions and results from [Prz10] and con-
dense them into the form needed for this paper. We provide no proofs here,
but the proofs can be found in [Prz10]. When we need to use a model of
H"™, we use the Klein model, D".

Definition 2.1.

(1) If a hyperplane IT doesn’t pass through the origin in D", then we
represent I by a vector ¢ € D™, the closest point on II to 0. We will
avoid considering hyperplanes that do pass through 0 and will often
implicitly assume that hyperplanes don’t pass through 0.

(2) The function 7 : H" — II projects each point orthogonally onto II.

In the Klein model, 7(x) = ¢+ L-fef? (X - ﬁc)

1-x-c

Definition 2.2. A point z in R” or H" is surrounded by the points p1, -+ , pm+1
if p1,-++ ,Pm+1 are in general position and z lies in the relative interior of
their convex hull.

Lemma 2.3. The point x € R" is surrounded by the points vi,--- , Vim+1
m

(using cyclic indices mod m+1) if and only if the multi-vectors (—1)™ N (Viri—

1=
x) for all values of j are nonzero and are positive scalar multiples of each
other.

Definition 2.4. Given pairwise disjoint hyperplanes Ily,--- 11,11 € H"
(for 1 < m < n) and the corresponding hyperbolic projection functions
m; « H™ — II;, we define

(1) the open m-dimensional Delaunay cell associated to these hyper-
planes to be {z € H" | z is surrounded by the points 71 (z), -, Tm+1(2)},

(2) the closed m-dimensional Delaunay cell associated with the hyper-
planes to be the closure of the union of all open Delaunay cells
associated with any subset of {IIy,--- , I,4+1}
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When we say that two hyperplanes are disjoint, we mean that they have
no intersection in H" or in OH"™. While Delaunay cells could still be defined
in the event of hyperplanes which meet on 0H"™, many of the results we
prove would require exceptional cases to handle such cells.

Lemma 2.5. Ifv € H" is equidistant from the disjoint hyperplanes Il --- Il 41
m—+1
(for m < n) then v lies in the component of H™ \ |J II; which is bounded

=1
by all m+1 of the hyperplanes 11y, --- | Il,,+1. The closed Delaunay cell lies
within the closure of this component.

In [Prz10], this Lemma was proved for m = n. The proof for m < n is
identical.

Definition 2.6. A symmetric cocompact arrangement of hyperplanes in H"
is a collection P of hyperplanes for which

(1) any two hyperplanes in P have no points in common within H",
(2) there is a discrete group I' < Isom™ (H") such that I' acts transitively
on P and H" /T is a compact n-manifold.

Definition 2.7. Given a symmetric cocompact arrangement P of hyper-
planes in H"™, we can construct the Voronoi tessellation. Each Voronoi ver-
tex is closest to (and equidistant from) n + 1 (or more) hyperplanes. For
each vertex closest to exactly n + 1 of the hyperplanes, we form the closed
Delaunay cell of those hyperplanes. For vertices closest to more than n + 1
of the hyperplanes, we follow a procedure for modifying the Voronoi tes-
sellation (described in detail in Section 5 of [Przl0]) to produce multiple
vertices, each associated with exactly n+ 1 of the hyperplanes, and we then
produce a Delaunay cell for each of those vertices.

Definition 2.8. We can speak of orientation within an n-dimensional De-
launay cell. Let T be the closed Delaunay cell associated with the hy-
perplanes Iy, --- ,IL,11, and let v be the Voronoi vertex equidistant from
Iy, -+ ,II,41 (we assume that such a v exists, as we wouldn’t otherwise
have a reason to construct 7). For any point x € T, if the simplices
m1(x) -+ mpy1(x) and 71 (v) -+ - 41 (v) have the same/opposite orientation,
we say that T has positive/negative (respectively) orientation at .

For Delaunay cells associated with flats of arbitrary dimension in H", it’s
possible to have negatively oriented Delaunay cells. It’s also possible for
multiple copies of the same Delaunay cell to be present. Thus, we can’t
expect for the Delaunay cells to tile H”. If we count the negatively oriented
cells negatively and we count each occurrence of the repeated cells, we have
the following result.

Theorem 2.9. Let P be a symmetric cocompact arrangement of hyperplanes
in H". Counting with multiplicities and orientations, almost every point of
H™ is in a total of one open n-dimensional Delaunay cell.
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In the following section, we will prove that for arrangements of hyper-
planes, there are neither negatively oriented Delaunay cells nor repeated
Delaunay cells.

3. STRUCTURE OF DELAUNAY CELLS

In [Prz10], we proved that there is a map from a closed truncated sim-
plex to the closed Delaunay cell, and that this map sends edges to one-
dimensional Delaunay cells, 2-faces to two-dimensional Delaunay cells, etc.
For arrangements of flats of arbitrary dimension, although the combinato-
rial structure of a Delaunay cell is always reasonably simple, the geometric
structure is generally not. The faces are not usually totally geodesic, and it’s
possible for faces to have unexpected intersections with each other. How-
ever, for arrangements of hyperplanes, we will prove that even the geometric
structure is nice.

Lemma 3.1. LetIIy and 1y be disjoint hyperplanes in D™ (represented as cq

and cg as in Definition 2.1), which are equidistant from the origin. Then the
le1[?|ea|*—c1-co

le1llez]y/1=le1[2y/1—lea? |

distance between Iy and I1y (in a hyperbolic sense) is cosh™

Proof. The hyperbolic distance from the origin to the hyperplanes is tanh ™! |c;|.
We can form a pentagon from the three points 0, c1, co, and the two points
at which the common perpendicular to II; and IIs meets II; or IIs. All
of the angles in this pentagon will be right angles, except for the angle at
0, which is cos™! |§11|'|CC22|. The side opposite the angle at 0 is the common
perpendicular to II; and Ily, so its length is the distance between the two
planes.

From the trigonometry of hyperbolic pentagons (see, for example, [Fen89)),
the cosh of the length of the common perpendicular is

C1 - Co

1] ez

(sinh tanh ™! |c; ) (sinh tanh ™! |cy )= (cosh tanh™" |cq]) (cosh tanh ! |cal)

After simplification, we see that the length of the common perpendicular is
1 \01\2|02|2*01-02 O

[eallezly/1-Jer Py/1- [zl

cosh™

Note that if II; and Il intersect within H", then the Lemma, fails.

Lemma 3.2. For a hyperplane I1 represented as a vector ¢ € D™ (as in
Definition 2.1), 7(x) - x = (155%2) (1% — x)
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Proof. From Definition 2.1,

(x) Jr1—|c|2 X-C
m(x) —x=c X — c|—x
l-x-c¢ lc|?

lc?—x-¢ N x-c—|c|?
= —— 5 c+t|——— |x
(1—x-c¢)lc|? l-x-c

B ('f__xx) (|:2 _X)

O
Proposition 3.3. For m < n, let IIy,--- ,Il;,+1 be disjoint hyperplanes
(represented as vectors c1,- -+ ,Cpy1 as in Definition 2.1) which are equidis-

tant from 0 € D™. Let A be the relative interior of the conver hull of

‘C°11|2 R ‘C‘C,mm:11|2 (which will include some points exterior to D™ ).
(1) If c1,- -+ ,Cmy1 are in general position, then the open Delaunay cell
associated with Ty, Ty is {x € Alx-c¢; < |ci|?for alli <
m+ 1}.
(2) If c1,--+ ,Ccm+1 aren’t in general position, then the open Delaunay

cell is empty.

Proof. Each hyperplane I1; partitions D™ into two components. The com-
ponent containing the origin is {x € D" |x-¢; < |c;|?}. By Lemma 2.5, the
m+1
open Delaunay cell is in the same component of D™ — |J II; as the origin,
i=1
so every point in the Delaunay cell satisfies x - ¢; < |c;|? for all i < m + 1.
By Lemma 2.3, a point x is in the open Delaunay cell if and only if the
m

multivectors (—1)™ A (mj1i(x) — x) are nonzero for all values of j and are
=1

1=
all positive scalar multiples of each other.

m

mj " — mj T lejil® — % - A [ Citi
(~1)™ A\ (mji(x)—x) = (~1) ([[1 JI_x.cj+f+> (/\( Jﬂr"))

We need not consider any points for which x - ¢j; > |cj4i|2.  Also,
since x and c;y; are both points in D", 1 — x-cjy; > 0. With these

m
restrictions, the condition that (—1)" A (m;+:(x) — x) are nonzero and are

=1
positive scalar multiples of each other is equivalent to the condition that

(=)™ A\ (;7:1‘2 — x) are all nonzero and are positive scalar multiples of
i=1 7T

each other. Thus, x is surrounded by m1(x),- -, Tnm+1(x) if and only if x
is surrounded by |c‘"‘f1‘2, e ,|Cc’”7++11|2. Rephrasing this statement, x is in the
C1 Cm+1

open Delaunay cell if and only if il TemaE Are in general position

and x lies in the relative interior of their convex hull.
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By assumption, all of the ¢; have the same length. Then the vectors
C1, -+ ,Cmpy1 are in general position if and only if the vectors ‘c ‘2 AR |C(:”7:|2
are in general position.

Corollary 3.4. Given disjoint hyperplanes Iy, --- Il,11 in H™ which are
equidistant from some point p, their open Delaunay cell is either empty or
m-dimensional.

Theorem 3.5. Let 11y, --- 1L, 41 tn H" be disjoint hyperplanes which are
equidistant from some point p. If their closed Delaunay cell is m-dimensional,
then it is a truncated ultra-ideal simplex. FEach truncation face is con-
tained in one of the II;. The truncation faces are perpendicular to all non-
truncation faces (of any dimension) that intersect them.

Proof. Without loss of generality, we may assume that p is placed at 0 in the
Klein model. Represent hyperplane II; as a vector ¢; € D™, as in Definition
2.1. The closed Delaunay cell of I1y, - - - , 1,11 is formed by taking the union
of all open Delaunay cells associated with any subset of {IIy, - -- ,II,,+;} and
then taking the closure of that object. Thus, if the closed Delaunay cell is
m-dimensional, the open Delaunay cell associated with II;,--- ,II,,,41 must
be m dimensional, so c1,- - ,cp41 are in general position. The convex hull
of ‘c ‘2 R |Ccm:|2 is an m-dimensional simplex in R", all of whose vertices
lie outside of D™. Thus, if we intersect this convex hull with D", we obtain

an ultra-ideal simplex in hyperbolic space. Let U be the closure of the
m—+1

component of D™ — [ J II; which contains 0. Let T be the intersection with
i=1
U of the convex hull of |;f1|2, cee I:’”ﬁ Then T is a truncated ultra-ideal

simplex. We claim that the closed Delaunay cell is T

By repeated application of Proposition 3.3, the open Delaunay cell asso-
ciated with any proper subset of {IIy,--- ,II,,+1} is the relative interior of
a face of T, while the open Delaunay cell associated with {IIy,--- ,II,,+1}

is the interior of T". All faces of T' can be achieved in this fashion, except
m—+1

for the truncation faces, which lie in |J II;, and thus aren’t in any open
=1

Delaunay cell. Thus, the union of all open Delaunay cells associated with

any subset of {IIy,--- II,,41} is T with the truncation faces removed. The
closed Delaunay cell is the closure of this object, so is T

Let F' be a truncation face of T'. Without loss of generality, F' C II;. The
hyperplane 114 separates ‘Cl‘Q from T. The hyperplane II; also separates

Ic |2 from the other Ic |2 (since the hyperplanes are disjoint). Thus, if a face

of the convex hull of ‘2 intersects F', it must pass through the

Cm
|C |27 ) [Crmt
ultra-ideal vertex c |2 Any flat Wthh passes through £ c ‘2 is perpendicular

to II; (in a hyperbolic sense). O

Ushijima refers to such a polytope as a generalized simplex [Ush06].
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Proposition 3.6. Let 11y, -+ 11,41 in H™ be disjoint hyperplanes which
are equidistant from some point p. Let T be their closed Delaunay cell. If
m—+1
there is any point x € T\ | II; at which m (), ,Tms1(z) aren’t in
i=1
general position, then T has dimension less than m.
m—+1
Proof. Without loss of generality, p = 0 € D" Let x € T\ |J II; be
i=1
such that m;(x), -+, mm41(x) aren’t in general position. Since x is in the
open Delaunay cell associated with some subset of {II,--- I, 41}, x lies

within the affine hull of 71 (%), -+ , mpm+1(x), which has dimension less than

m+1
m. By Lemma 3.2, m;(x) — x = (WJ> <|C°f|2 — x). Since x ¢ U 1I;,
’ i=1

1—x-c;

there is no ¢ for which kit% = 0. Then the points lcc—llg all lie within the

affine hull of 71 (x), - - - , Tm+1(x), so their affine hull is also of dimension less
C1 Cm+1

than m. Thus, the convex hull of Tl Temal? has dimension less than

m, so the open Delaunay cell associated with II;,--- 1I,,,+1 is empty. The
closed Delaunay cell is then the closure of the union of finitely many sets of

dimension less than m, so is itself of dimension less than m. O

Proposition 3.7. Let Iy, ,Il,41 in H" be disjoint hyperplanes which are

equidistant from some point p. Let T be their closed Delaunay cell. There
n+1
are no points in T\ |J II; at which the cell has negative orientation.
i=1
Proof. As usual, we place p at 0 € D™ and represent each hyperplane 1I; as
a vector ¢; € D™, as in Definition 2.1. All of the c¢; are of the same length,

which we denote |c|.

1_¢..c
By Lemma 3.1, the distance between II; and II; is cosh™! &%, SO

4 cic
lel ¢ > 1 and thus c; - c; < 2[c|t —|e|? < ||t

c?2(1—|c|?
| ‘l&ss‘u‘m)e that cq,- -+, cpy1 aren’t in general position. Then \C%IQ’ cee ‘:n”%l'z
aren’t in general position. For any x € T, the simplex 71 (x) - - - mp41(x) lies
within the affine hull of |Ccf1|2’ cee ‘:n”:;'Q. Thus, the simplex 71 (x) - - - Tp41(X)
has volume 0, so the orientation of T" isn’t negative at x.

Assume that c1, - ,¢,p1 are in general position. Let x = °21‘Jcr|°22. The

common perpendicular line to II; and IIs must pass through both ﬁ and

‘(‘%, S0 X is a point on the common perpendicular. Further, since 0 lies
between II; and Il3, x does as well. Then x is a point in the open Delaunay
cell associated with II; and Ils, so is a point in 7. For any ¢ > 2, x-¢; =

ﬁ(cl +¢3) - ¢; < |cf?, so x can’t be a point on any of the II;. Then

n+1
x €T\ U II;. Note that x-¢c; = x - ca.
i=1
The signed volume of the simplex (%), -, mp41(x) will vary continu-

ously within 7', and by Proposition 3.6, is never zero within the connected
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n+1
set T\ |J II;. Thus, if we can prove that the orientation is positive at x, we’ll
i=1
n+1
have proved that the orientation is positive everywhere within 7'\ |J II;.

=1
To determine the orientation at x, we need to compare the orientation of

the simplex 71 (x) - - mp+1(x) to the orientation of the simplex ¢ ---Cpt1.

n+1
We will do this by considering the exterior product A (m;(x) — m1(x)).
=2

First, we simplify the expression my(x) — m1(x).

ma(x) — w1 (x) = (m2(x) — %) — (m(x
C2—X C C2—X-C C
‘<|1’2—x 022>(\C|2 ) <|1|—xl><|12"‘>
- (=) (f ) - ()
\C|2—X'Cz)<c2_cl)

- lc|?2(1 —x ¢y

The benefit of this is that it will allow us to remove all other ¢y —c¢; terms

from the exterior product, in effect allowing us to replace all co terms with
cy terms.

Applying this, we compute (ca —¢1) A (m1(x) — x).

(e2— 1) A (m1(x) — x) = (e2 — e1) A (('f_;") (&%)
(552 (- 522)
(522 (i)

=0

n+1
Finally, we compute A (m;(x) — m1(x)) and show that it is a positive
=2
n+1 '
scalar multiple of A (c¢; — ¢1).
1=2



DENSITY FOR PACKINGS OF COLLARS ABOUT HYPERPLANES 9

n+1 -
/\ (Wi(X) - m(x)) = (7T2(x) — wl(x)) A /\ (m(x) o 7T1(X))
i=2 7\
’CP — X - C2 n+1
- m(@ e i/:\g((m(x) —x) — (m(x) —x))
|C‘2 — X C2 n+1
N m(CQ —c1) A Z/\g(m(x) - X)
_ dePoxeen o A (1P (o
_’C‘Q(l—X~C2)(2 1)/\/:\3(( 1—x.ci><|c|2 ))
n+1 |C’2 Cxe il
<H| 21 —x- é)>(C2_cl)AA(Ci—|C|2X)
i=3
n+1 CQ—X'CZ‘ n+1 o 4c
( ’C’P’(l —X‘Ci)> (2 —e) A Z:/\3 (Cz‘ - : 2)
o n+1
— |C’2_X~C,L' o o Cl_C1—|—c1
_< |C’2(1—X'Ci)>(2 1)/\/\3(Z 5 )
n+1 ’C’2 —x-c n+1
: (ci —c1)
( ’C!2(1—X~Ci)> l:/\Q 1
c|>—x-¢;

> 0 so the simplices

n+
Since x-¢; < |c|? for all i, we have that HQ R x<)
1=

7m1(X) -+ Tpy1(X) and € - - - €41 have the same orientation. O

Theorem 3.8. Let P be a symmetric cocompact arrangement of hyperplanes
in H™ Then almost every point of H" is in exactly one open n-dimensional
Delaunay cell. In other words, the Delaunay cells tile H™.

Proof. From [Prz10], we already know that almost every point is in a total
of one open Delaunay cell, although we’re counting negatively oriented cells
negatively, and we’re allowing for a cell to be counted multiple times if it’s
present multiple times. However, by Proposition 3.7, there are no negatively
oriented cells. In order for the total to be one, there must also be no repeated
cells of dimension n. O

4. DENSITY IN AN ORTHOSCHEME

We start with some general results about simplices and then move to
some more specific results about orthoschemes. For the moment, we make
no mention of packings, but will nonetheless define a notion of density. In
the following section, we will use this notion of density to study packings of
collars about hyperplanes in hyperbolic space. We will often need to assign
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a notion of density to objects which are of lower dimension than the space
in which they lie.

Definition 4.1. Let f be a function f : H" — (0,1]. Let AgA;--- Ay C H"
be a k-dimensional simplex. Let H be a (k—1)-dimensional flat in the affine
hull of Ag--- Ag. At each point in H", let R denote the distance to H. We
define the density of f over Ag--- Ay relative to H to be

J sinh®* RdVj
_ Ag-Ay

[ fsinh"* RdV;,
Ag--- Ay

5(A0Ak7H7f)

Usually (though not always), we will choose f and H so f is rotation-
ally symmetric about H and so H does not intersect the relative interior
of Ag---Ag. With these restrictions, d could be computed by rotating
Ag- - Ay about H to form an n-dimensional object S and then comput-

dVy
[

S vy,
S
produce an (n —k)-dimensional sphere of radius R. The (n — k)-dimensional
volume of a sphere is proportional to sinh” * R. The quotient will cancel
the proportionality constant.

Definition 4.2. Let f, Ay--- Ay C H", H, and R be defined as in Definition

4.1. Let P be a point on edge Ag_1Ag. Define v(P) = i fsinh™* R dV;.
Ag-+Ap_1 P

The function v : Ap_1Ax — [0,v(Ag)] increases as P moves from Aj_; to

Aj so is a bijection. Through an abuse of notation, we thus also define its

inverse function to be P : [0,v(Ag)] — Ax—1As.

Proposition 4.3. Let f, Ag--- A C H", and H be defined as in Definition
4.1, with k > 2. In addition, assume that H contains the simplex Ag- -+ Ap_o
and is disjoint from the relative interior of Ag--- Ag. Let H' be the affine
hull of Ag--- Ag_o. Then

ing 6 = . This is because rotating any point in Ag - - - A about H will

v(Ag)

L 5(A0 et Ak—QP(U)a -H/) f) dv

5(A0Ak7H7f): U(Ak)

0

Proof. As usual, let R denote the distance from a point to H. Within the
affine hull of Ag--- Ay, we may establish coordinates akin to cylindrical
coordinates, with p representing the distance to H' and 6 representing the
amount of rotation about H' from (one half of) H. At neither Aj_; nor
Ay can p equal zero. Also the 6 values at A1 and Ay can’t be the same
(or else Ag--- A wouldn’t be k-dimensional). Without loss of generality,
we may assume that 6 is positive and increasing along edge Ap_1 A as we
move from A;_1 to Ag.

For any point in Ag--- Ay, if we drop altitudes to H and H’ and then
connect their basepoints, we will form a right triangle (Figure 1). The
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hypotenuse has length p and one of the other edges has length R. The angle
opposite the edge of length R has size 6 (or m — 0 if 6§ > 7).

.
el |
H' H

FIGURE 1

From the hyperbolic law of sines, we have that sinh R = sin #sinh p. Let
© be the value of § at P(v).

With v and P as in Definition 4.2, we have that v = i fsinh™ % RdVj.
Ao+ Ag—1P(v)

Naturally, 2—5 = 1. By decomposing Ag--- Ax_1P(v) into cross sections of
the form 6 =constant, we can also determine that

Within Ag--- Ax_oP(v), 0 is fixed. We may factor % out of the integral,
producing

@ 1

dv [ fsinh” % Rsinh pdV;_;
Ap--Ag_2P(v)
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Similarly, we can compute that the derivative of vd(Ag - - - Ax_1P(v), H, f)
is

Ao - A1 P H
d(’l)(S( 0 k—1 (’U), 7f)) i / Sinhn—k Rde
dv dv

0 Ar—1P(v)

do
= / (sinh”_k R) ( sinh ,0> dVi—1
dv
Ag--Ag_2P(v)
d
= —@ / sinh" % Rsinh pdVj,_q
dv
Ag-Ap_2P(v)
i sinh" ¥ Rsinh pdV,_;
A Ag—2P(v)
i fsinh™ ¥ Rsinh pdVj,_;
Ag-Ag—2P(v)
sin" k@ 1l sinh™ ¥ psinh p dVj,_;
Ag-Ap_g P(v)

sin" % @ J fsinh™* psinh p dVj_;
Ao Ag—2P(v)
[ sinh" M pavy_,
Ao+ Ag—2P(v)
[ fsinh™ %+ pav,_,
Ag--Ag_2P(v)
=0(Ag- - Ap—2P(v), H', f)

Since lim vd(Ag--- Ax—1P(v), H, f) = 0, we have that

v—0t
v(Ayg)
v(Ag)0(Ag - Ap1Ax, H, f) = / 6(Aog- - Ap_oP(v), H', f) dv
0
SO
v(Ayg)
(Ao Ap 1 Ay, H, f) = — /5(A0---Ak2P(v),H’,f)dv
v(Ag) /

Corollary 4.4. For Q on edge Ap_1Ag,

v(Q)
5<Ao~-Ak_1Q,H,f)=U(1@ / 5(Aq--- Ap_aP(v), H', f) dv
0
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and
) v(Ag)
5(A0~--Ak72QAk,H7f):m / 6(Ag -+ Ap—oP(v),H', f) dv
v(Q)

The order of the vertices in a simplex is irrelevant, so the fact that in the
preceding results we chose a special role for edge Aj_1Ax rather than some
other edge is of no significance.

Definition 4.5. For the remainder of this section, we will assume that there
is some point O € H" such that f : H" — (0, 1] is an increasing function of
the distance to O, and thus is rotationally symmetric about O.

Proposition 4.6. Let A1 # O be a point in H". Let P be a point on edge
OA1. Then the following functions are all decreasing as a function of OP.

(1) 6(OP, {0}, f)

(2) 6(PA1, {0}, f)

(4) 6(PA1, {A1}, f)

Proof. For 0 <t < OAj, let Q(t) be the point on OA; which is at a distance
of t to O. Then

[ sinh" ' RdV;

s5(OP, {0V, f) = ©F
(OPA0}. 1) [ fsinh" ' RdVy
OP

OP

i sinh™ 1 ¢ dt

0

" or
[ £(Q(t))sinh™ ! ¢ dt
0
By a Mean Value Theorem argument, this is a decreasing function of OP.
The proofs for the other three functions are similar. O

Orthoschemes are common objects for studying problems related to vol-
ume. They were used by Rogers, Boroczky, and Florian for proving upper
bounds on density for ball packings [BF64, Bor78, Rogh8|. Likewise, we will
use orthoschemes to place an upper bound on packings of radius r collars
about hyperplanes in hyperbolic space.

Definition 4.7. An orthoscheme in H" is a simplex AgA; - -+ A, for k <n
with the property that for all 4, the affine hull of Ag--- A; is perpendicular
to the affine hull of A; - -- Aj.

Remark 1. Note that for a simplex, the order in which we list the vertices
is irrelevant, but for an orthoscheme, the vertex order matters.
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Proposition 4.8. Let Ag--- Ag be an orthoscheme in H"™ with the restric-
tion that within its affine hull, the point which is closest to O is Ag. Choose
i < k and let P be a point on A;A;y1. Let H be either the affine hull
of Ag-+-Ai_1Ajy1 - Ay or the affine hull of Ag--+ A;Ajzo -+ Ax. Then as
P moves from A; to Aji1, the functions 6(Ag--- AjPAijio -+ Ag, H, f) and
0(Ag---Ai—1PAjt1--- Ag, H, f) are decreasing:

Proof. Proposition 4.6 proves the result in the case that £k =1 and Ay = O.
If Kk =1 and Ay # O, then define g : H* — (0,1] so g and f agree on
the affine hull of AgA; and so g is rotationally symmetric about Agy. Since
g and f agree on AgAj, we may compute § using ¢ instead of f. Again,
Proposition 4.6 proves the result.
We proceed by induction on k.
Let R be the distance to H. As in Definition 4.2, let v(P) = J fsinh™* RdV.
Ag-A; PA; oAy,
Let H' be the affine hull of Ag--- A;_1A;12- - Ag. Then from Corollary 4.4,
we have that

o(P)
1
6(A0"'AiPAi+2"'Akauf):U(P) /5(140"'Ai—IP(U>Az’+2"'AkaH,vf)dv
0
and
) v(Ait1)
5(.40 e ‘Ai—IPAi—i-l o ‘Ak,H, f) = U(A'_H) — U(P) 5(140 s Ai_lp(v)Ai+2 < -Ak,Hl,f) dv

Then it is enough to show that §(Ag--- A;—1PA;io- -+ Ak, H', f) decreases
as P moves from A; to A;11. We break that proof into three cases, depending
on the value of 7.

Case 1: Assume that ¢ = 0. Then §(Ag---A;_1PAjo-- A, H', f) =
§(PAgy--- Ag,H', f) where H' is the affine hull of As---Ag. Let P; and
P, be two points on ApgA;, with P; closer to Ay than P, is to Ay (Figure
2). Let P} be P, rotated about H' so it lies within Py Ag--- Ay (Figure 3).
As we rotate PyAs - -+ Ay about H' toward Py As - -+ Ag, each point will get

y 27 A AsA
r 2 37 Ay
A,
P, P
P, P,
A, Bo

FIGURE 2 FIGURE 3
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closer to Ag, and thus closer to O, so the values of f will decrease. Thus,
§(PjAg - Ag,H' ) > 0(PaAs--- A, H', f). If we extend edge As Py past
P} and even past P;, we will eventually find the point By on the affine
hull of PjAs---Ag which is closest to O. Further, ByAs--- Ay is an or-
thoscheme and the points P; and Pj lie on edge ByAs with P; closer to
By than Pj is. Thus, by the induction hypothesis, 6(P1Ag--- Ag, H', f) >
5(P2/A2 o Ap, H,, f) > 5(P2A2 - Ap, H/, f)

Case 2: Assume that ¢ = k—1. Then §(Ag--- A;—1PAjio--- Ay, H', f) =
§(Ag--+Ax_oP,H', f), where H' is the affine hull of Ag--- Ax_o. Let P;
and P, be two points on A1 Ay, with Py closer to Ag_; than P; is (Fig-
ure 4). Let Pj be P; rotated about H' into Ag---Ag_oP> (Figure 5).

Ay PPy A
Ao P P,

Ao"'Ak-3
FIGURE 4 FIGURE 5

Within the affine hull of Ag--- A, rotation about H’ won’t change the
value of f, so 6(Ag---Ax_oP1,H', f) = §(Ao--- Ax_2P{,H', f). By the in-
duction hypothesis applied to the orthoscheme Ag--- Ag_o P>, we have that
6(Ag- - Ap—oPo, H', f) < (Ao~ A2 P, H', f).

Case 3: Assume that 0 < i < k— 1. Let P; and P» be points on A;A;41,
with P; closer to A; than P» is (Figure 6). Let Pj be P; rotated about H'
into the affine hull of Ag--- A;_1P1 Ao - A (Figure 7 - showing one more
dimension than Figure 6). The points P; and P; both project into the affine

A Az’+"'Ak

=7
A

1

AO“.Ai—l AOWAL'—Q

FIGURE 6 FIGURE 7
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hull of Ag---A;—1 at A;_1 and project into the affine hull of A;yo--- Ag
at A;yo. The same will be true of the point Pj. Within the affine hull of
Ag--+Ai1PLAjyo - - Ak, any point having that property must lie within the
affine hull of A;_1 P Aio. Thus, A;_1, A2, Pi, and Pj are coplanar.

The affine hull of Py A;9 is closer to A;_1 than the affine hull of PjA; o
is. Also, the affine hull of A; 1P} is closer to A;1o than the affine hull of
A;_1P; is. Thus, the edges A;_1Pj and Py A; 19 intersect at some point @
(Figure 8) Note that Ag--- A;j_1P1 A0+ Ax and Ag - - Ai_]_PéAi_'_Q <o Ay

Ai—l Az’+2
FIGURE &

aren’t necessarily orthoschemes. Applying the induction hypothesis again,
0(Ag-- A1 PLlAips - Ap, H' f) > 0(Ag - Ain1QAia - A, H', f)
> 6(Ag- - Aim1PyAiga--- Ay, H', f)
=0(Ag- - A1 PoAiyo - Ay, H', f)
O

Theorem 4.9. Let Ay --- A, and By - - - By, be two orthoschemes in H", with
Ag = Byp = 0. Let H be any hyperplane in H". If A;A;+1 < B;Bi+1 for all
i < n, then 5(A0Anava) > 6(BOB7Z7H7f)

Proof. At any given point, let R be the distance to H. Since sinh" " R =
sinh® R = 1, the value of R is irrelevant, and thus the choice of H is also
irrelevant.

Let m be the smallest ¢ for which A;A;11 < B;Bjy1. If m =n — 1, then
a direct application of Proposition 4.8 completes the proof.

Assume that m < n —1. Rotate By--- B, about O so A; = B; for all i <

m. Rotate By - - - B, about the affine hull of Ag--- Ay 80 Ag- - A1 By - -

is an orthoscheme. As in the preceding proof, this forces A,,, Ami1, Bmit1
and Bj,12 to be coplanar. A, A1 Bmio and Ay Bmi1Bmio are both or-
thoschemes (right triangles). If they lie on opposite sides of A, By,42, we
may reflect so they lie on the same side. Then A, 11 B2 and Ay, Byt
intersect. Call their intersection point ). Let H be the affine hull of
A+ A Bmata - - - By. Applying Proposition 4.8,
0(Ao- - ApAms1Bmio- - Bn, H, f) > 6(Ao- - Amn@Bm+2- - Bn, H, f)
> 5(./40 AmBm+1Bm+2"’Bn7H7 f)
=00(By- - BmBm+1Bm+2---Bn, H, f)
= 5(B0 Bna H7 f)
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By following this process, we have made one more of the B; equal to the
corresponding A;. Edge B, Bi,11 has been replaced by edge A, Ap11. Edge
Biyt1Bmao has been replaced by edge A;,+1Bpmai2, which is even longer, so
is still at least as long as edge A;,+1A4m+2. None of the other B;B;;+1 has
been changed. Thus, we may repeat the process, comparing orthoscheme
Ag -+ Ay, to orthoscheme Ag--- ApApmtr1Bmto - By, At each step, the
density increases. We might need to change the choice of H at each step,
but the choice of H is irrelevant, so we are free to do this. [l

Proposition 4.10. Let Ag--- A B be an orthoscheme in H"™, with Ay =
O. Let H be the affine hull of Ag--- Ay and let H' be the affine hull of
Ag---Ap_1. Then (S(A() -+ ApB,H, f) > (S(A() -« Ap_1B, H/, f)

Proof. Let P be a point on A B and let v be as in Definition 4.2. Then by
Corollary 4.4,

v(B)
o ABUTf) = s [ 60 AP o
0

We have that Ag---Ax_1P(v) is an orthoscheme and that Aj_1P(v) in-
creases with v. The density §(Ag--- Ax_1P(v),H', f) is a decreasing func-

tion of v, by Proposition 4.8. The Mean Value Theorem finds some v €
(0,v(B)) for which

6(Ag--- ARB,H, ) =6(Ao- - A1 P(0),H', f) > 6(Ao - - A1 B, H', f)
O

Corollary 4.11. Let Ag--- A B be an orthoscheme in H", with Ag = O.
Choose some i < k. Let H be the affine hull of Ag--- Ay and let H' be the
affine hull of Ag---A;. Then 6(Ag--- AxgB,H, f) > 6(Ao--- A;B,H', f).

Proof. Start with ¢ = k — 1. Use the preceding proposition to repeatedly
decrease i by 1, removing a vertex from the orthoscheme each time. U

5. DENSITY OF A PACKING OF COLLARS

In this section, we prove an upper bound on density for packings of radius
r collars about hyperplanes in H"™. We first need to determine some of the
consequences of hyperplanes being a distance of 2r from each other.

Proposition 5.1. Let Ily,--- 11, be disjoint hyperplanes in H™ each of
which is at a distance of at least 2r to all of the others. If v € H" is a point
which is equidistant from all of the 11;, then the distance from v to any of

the I1; is at least cosh™! <\/ % coshr ). This value is achievable only if

each of Ily,--- 1L, is at a distance of exactly 2r to all of the others and v
lies in their closed Delaunay cell.
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Proof. Represent each II; as a vector ¢; € D", as in Definition 2.1. Without
loss of generality, we may place v at 0 € D™. Then |c;| is independent of i.
To simplify the notation, we denote |¢;| as |¢|. From Lemma 3.1, we have

that for ¢ # j, cosh2r < ﬁr(;%, so ¢;-¢; < |e[* —|c|?(1 — |c|?) cosh 2r.
m 2
D c
i=1
m
Sl ee
i=1

1<j

0<

< mlc|? +m(m —1)(|c|* — |c|>(1 — |c|?) cosh 2r)

Rearranging the inequality, we get that |c|> > % Then the

distance from v to any of the II; is

tanh ™! |c| > tanh™! \/ (m — 1) cosh 2r — 1) = cosh™? ( Am—1) cosh r)
m

(m —1)(1 + cosh 2r

Since equality comes only when all of the hyperplanes are at a distance
m

of exactly 2r to each other and > ¢; = 0, we see that the c; form a regular
i=1
simplex, with 0 at its center. O

We define 1, (r) to be I, (r) = cosh™! < % cosh 7‘).

Proposition 5.2. Form < n, letIly,--- Iy, 41 be disjoint hyperplanes
in H™ each of which is at a distance of at least 21 to all of the others. Let F
be the set of points which are equidistant from all of Iy, - - - ,11,,,. We assume
that F is nonempty. Let B be the point on F which is closest to I1; (and
hence to 1y, .- ,I1,, ). If B is at least as close to 1,41 as it is to 1y, then
the distance from B to any of Iy, --- ,IL,, is at least cosh™* (\/5 cosh 7‘).

Proof. Place B at the origin in D™. Represent each of the hyperplanes II;
by a vector c¢;, as in Definition 2.1. Then |ci| = -+ = |cm| > |Cmt1]. Also,
0 lies in the affine hull of ¢y, -+ , ¢y, S0 €1, -+, cyy, are linearly dependent.
The set F' is the orthogonal subspace to the span of ¢q,--- ,cpy.
Without loss of generality, c1,--- ,¢,, € R C R™ and ¢4 € R™ C
R™. Further, we may assume that the m' coordinate of ¢, is nonnegative.
If we increase the m'™ coordinate of Cm+1, that will increase |cp,+1/, but

won’t change the value of ¢;-¢p, 41, for i < m. It’s not difficult to prove that if
lcil?lemt1|?—ciemy1

|Ci||cm+1|\/1*‘01‘2\/1*‘Cm+1|2
is increasing, so the distance from II; to II,,41 is increasing. Thus, if we in-

crease the m'" coordinate of ¢, 1 until |cpy1| = |c1|, we will still satisfy
the hypotheses of the result we're trying to prove.

Ci-Cmy1 is fixed and |c,,4 1] is increasing, then cosh™?



DENSITY FOR PACKINGS OF COLLARS ABOUT HYPERPLANES 19

Thus, we may assume that cq,--- ,cp41 are points on an m-dimensional
sphere centered at 0 and that cq,--- ,c,, lie on the equator of that sphere.
Place a new point ¢,,4+2 at (0,0,---,0,—1). We have placed m + 2 points
on an m-dimensional sphere. A result of Rankin [Ran55] proves that some

two of these points form a central angle (with vertex at 0) which is at most
s

If all such pairs of points include cp,42, then we may perturb all of

C1,"*+ ,Cmpy1 away from c,,4a, resulting in no central angles which are less

than or equal to 5. This would violate Rankin’s result. Thus, we may as-

sume that there are some ¢ < j < m + 2 such that c¢; and c¢; form a central
angle which is less than or equal to §. As a consequence c; - c; > 0.
Since ¢, -+ ,¢m41 all have the same length, we denote that length by
le|*—ci-c;

4 . . . . . .
|c|. Then |c|2(|1CL|c|2) > G > cosh 2r. Simplifying this inequality,
we have that ﬁ > 2cosh?r, so tanh™! lc| > cosh™! (ﬂcoshr). The

distance from any of the hyperplanes to 0 is tanh™* |c|, so we have proved
the result. O

Considering that lim l,(r) = cosh™! (\/5 cosh 7“), we call this quantity
m—0oQ
loo(r). Note that la(r) < l3(r) < --- < lso(r).

Definition 5.3. Let II and V be disjoint hyperplanes in H". Let their
common perpendicular line meet II at point Ay and meet V at point By.
An orthoprism with base in 11 is a polytope Ag - - - An—1 By - - - B—1 satisfying
the following conditions.

(1) By---Bp—1 is an orthoscheme in V.

(2) For all i, the projection of B; into II is A;.
From these conditions, it follows that Ag--- A,_1 is an orthoscheme in II.

Proposition 5.4. Let P be an arrangement of hyperplanes in H"™, all of
which are separated from each other by a distance of at least 2r. Assume
that each Voronoi cell stays within bounded distance of the hyperplane at its
center. Let D be the Voronoi cell associated with hyperplane I1y. Let Fy be
an (n — 1)-dimensional face of D and let By be the closest point to 111 on
the affine hull of Fy. Continuing, let F; be an (n—1i—1)-dimensional face of
F;_1 and let B; be the closest point to Il on the affine hull of F;. Let A; be
the projection of B; into IIy. Then Ag--- An_1Bo- - Bn_1 is an orthoprism
with base in I1y. Further, we have that A;B; > li1o(r), for all i.

Proof. Each Fj is a face of the Voronoi cell D, so is equidistant from at least
1 + 2 of the hyperplanes in P. Since F;;1 is on the boundary of F;, Fjy; is
equidistant from at least the same hyperplanes as F; is. Find hyperplanes
11y, -- ,II,,41 € P such that for all ¢, F; is equidistant from I, - II; 49
but not equidistant from Iy, ---  TI;13.

For some k, place By at the origin in D™. Represent each of the II; as
a vector ¢; € D™. All of the ¢; have the same length. The set of points
equidistant from Ily,--- ,IIx,o is the orthogonal subspace to the span of
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C1, -+ ,Ckt2. The point on this flat which is closest to II; is By = 0. The

points By41,- -, Bp—1 all lie in this same orthogonal subspace, since they’re
all equidistant from IIy,--- ,IIx1o. For ¢ < k, each Bj; lies in the span of
Ci,- - ,Ckt+2. Then the affine hull of By--- By is orthogonal to the affine

hull of By, - - - By,_1. This verifies that By - -- By_1 is an orthoscheme.
By definition, By is the closest point to II; within the (n — 1)-dimensional
affine hull of Fy. Then Ag--- A, 1Bg--- B,_1 is an orthoprism.

Each of the B; is equidistant from Iy, --- ,Il;;9, so the distance from B;
to II; is at least l;12(r). The distance from B; to II; is exactly A;B;, so
Asz Z li+2(7“). U

Definition 5.5. Let Ag---A,_1By--- Bp_1 be an orthoprism with base in
the hyperplane II € H". Choose a positive number r < AgBy. Let C be

the collar of radius r about II. The density of C' within the orthoprism is

Vol(CN(Ao-Ap—1Bo-"Bn—1))
defined to be Vol(Ao-An 1Bo-Brt)

Proposition 5.6. Let II and V be disjoint hyperplanes in H". Choose
r > 0 to be at most the distance from 11 to V. Let C be the collar of radius
r about II. Then there is a continuous function f : 11 — (0, 1] such that for
any orthoprism Ag---An_1Bo - - Bn_1 with base in 11 and By, -+ ,B,_1 €
V', we have that the density of C' within Ag--- Ap—1Bo - -+ Bp—1 is given by
(Ao Ap_1,H, f) (computed within the (n—1)-dimensional space I1). The
n—2 dimensional flat H may be chosen arbitrarily within II. The function f
is increasing as a function of distance to Ay and is invariant under rotation
within I1 about Agp.

Proof. There is some function g : II — (0,00) such that the volume of

Ag---Ap_1By---B,_1 is f gdV,_1. The function g increases as a
AoAn—1

function of distance to Ag and is invariant under rotation within II about

Ap. There is some increasing function h : (0,00) — (0,00) such that the

volume of CN(Ag -+ Ap—1Bo -+ Bp_1) ish(r) [ dV,,—1. Then the density

Ag--An_1
of C within the orthoprism is
h(r) f an—l f an—l
Ao An—1 _ ApAp
[ gdVia w5 dVaa
A An—1 0 An—1

Let f = % < 1. The hyperplane II is isometric to H* . Let H be any
(n — 2)-dimensional flat within II. Let R be the distance from any point in
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IT to H. Then within the (n — 1)-dimensional space II,
[ sinh®=D=0=D Ray;,
Ag--An—1
Ik % sinh(»~V=(=1) pay. |
ApAn—1

f an,1
AgAn_1

I

Ao An_1

5(A0"’An—17H)f) =

O

Definition 5.7. Let II;,--- ,II,+1 be hyperplanes in H", each of which is
at a distance of exactly 2r to the others. Let T be their closed Delaunay
cell, which is a truncated regular ultra-ideal simplex. Let

U = {z € T'| z is within a distance of r to at least one of the II;}
Then U is a collar of radius r about the truncation faces of 1T'. Define

Vol(U
d”(r) = VOIETg ’

Proposition 5.8. Let Ay ---A,_1By---B,_1 be an orthoprism in which
Ay By = lnya(r) for allm. Let C be a collar of radius r about the base of
the orthoprism. Then the density of C' within the orthoprism is d,(r).

Proof. For a fixed r, any two such orthoprisms are congruent. Thus, it is
sufficient to prove that one such orthoprism has density d,(r).

Let Iy, - - - , 11,41 be n+1 hyperplanes in H", such that distance between
any two of them is always 2r. In D™, we may represent II; as a vector c;, as
in Definition 2.1. Then the vectors ¢y, - - - , ¢y41 form a regular simplex. Fur-
ther, by Theorem 3.5 the closed Delaunay cell T of I1y, - - - , IT,, 41 is the ultra-
ideal simplex with vertices ‘(%‘2, e ,ﬁ with the (ultra-ideal) vertices
truncated by the hyperplanes IIy,--- ,II,4+1. The Euclidean simplex with
vertices B |2 R ‘CC”“'Q may be decomposed into congruent orthoschemes,
all of Wthh will have 0 as a vertex. If a face of one of these orthoschemes is
transverse to II;, then that face passes through B |2, so is (hyperbolically)

perpendicular to II;. Thus, this decomposition of the simplex into congru-
ent orthoschemes induces a decomposition of 7" into congruent orthoprisms.
Thus, the density within the orthoprisms is d,, (7).

All that remain to be proven is that the vertices are at a distance of
lm+2(r) from the hyperplanes II;. Let e ‘2B0B1 - B,,_1 be one of the or-

thoschemes (with B,_; = 0). Then vertex B,, is (in a Euclidean sense)
equidistant from m 4+ 2 of the |CC—1|2, e 0”1‘2, without loss of generality,

9 |C
e omt2 . Further B, lies in the convex hull of (&, ... Smi2
lei] lem+2] | | [Cm+2]

Thus By, is (hyperbolically) equidistant from IIy,--- ,II,;,42 and B,, lies
within the affine hull of m1(B,,), -+, Tm42(Bm)-
Then the hyperbolic distance from B, to Iy is ly,42(r). O




22 ANDREW PRZEWORSKI

Proposition 5.9. Let Ag--- A, 1By -+ Bn_1 be an orthoprism in H"™. Letr
be such that A;B; > lixa(r) for alli. Let C be the collar of radius r about the
base of the orthoprism. Then the density of C' within Ag--- Ap_1Bg -+ Bp_1
is at most d(r).

Proof. Let II be the affine hull of Ag--- A, 1. If AgBy > la(r) = r, then
find some hyperplane V' C H" such that

(1) V contains By --- B,—1

(2) V intersects AgBy at some point By

(3) the distance from V' to I is r.

Let By, be the point in V' which is closest to II and let Af, be the point in

IT which is closest to V' (Figure 9). Then AjA;---A,_1B{B;---By_1 is an
orthoprism. The point Ay lies on edge AjA; and the point By lies on edge
B! B.

FIGURE 9

The density of C' within Ag - - +Ap_1BoBy - Bp_1 is obviously greater
than the density of C' within Ay---A,_1Boy--- Bn,_1. Use Proposition 5.6
to find the function f : II — (0,00) such that the density of C' within
A6A1 cee An_lBéBl s Bn—l is 5(A6A1 s An—h H, f), where H is an arbi-
trary (n — 2)-dimensional flat within IT.

Applying Proposition 4.8, § (A A1 -+ An—1, H, f) > §(AoA1 -+ Ap_1, H, f).
We have found a new orthoprism AjA;---A,_1B{Bj - B,_1 which still
satisfies the hypotheses of the proposition we’re trying to prove. The collar
C has higher density within this new orthoprism than within the original
orthoprism Ag--- Ap_1By-- - Bp—1. Further, A{Bj = la(r) = 7.

If A;B; = l;4o(r) for all i > 0, then we have proved the result. Otherwise,
find the smallest i for which A;B; > l;12(r). If we were to move A; closer
to A{, (while also moving B; € V so as to maintain the requirements for an
orthoprism), that would decrease A;B;. Thus, if we applied Theorem 4.9 to
decrease A;_1A; (or AjA; in the case that i = 1) we would decrease m
and thus also decrease A;B;. While doing this, density increases. We may
repeat the application of Theorem 4.9 to ensure that A;B; = l;12(r) for all
1> 0.
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At the end of this process, we will have produced an orthoprism of the
type described in Proposition 5.8, which will have density at least as large
as the original orthoprism. O

Theorem 5.10. Let P be an arrangement of hyperplanes in H"™, each of
which is at a distance of at least 2r to all of the others. Let C' be a collar
about one of the hyperplanes and let D be the Voronoi cell associated with
that hyperplane. Then the density of C within V is at most d,(r).

Proof. Let II; be the chosen hyperplane. Let Fjy be an (n — 1) dimensional
face of D. Then Fy is equidistant from II; and one other hyperplane in P.
Let By be the point closest to II; in the affine hull of Fy. By Proposition
5.2, if By & Fp, then every point of Fj is at a distance of at least I (r) to
IT;. Since loo(r) > lpt+1(7), dn(r) is an upper bound on the density of C
within the solid formed by taking the convex hull of Fjy and its projection
into ITy. Thus, we assume that By € Fy. Let Ag be the projection of By
into Hl.
Assume that we have found Fy,--- , F), and By, - , By such that

(1) Each Fj; is an (n — ¢ — 1)-dimensional face of D and Fj lies on the
boundary of F;_j.

(2) Each B; is the point closest to II; on the affine hull of F;.

(3) For all i, B; € F;.

Let A; be the projection of B; into ITy. Then for all i, A;B; > l;12(r).

If £ < n— 2, then choose any (n — k — 2)-dimensional cell Fj41 on the
boundary of Fj. Let Bjy; be the point closest to II; on the affine hull of
Fy 1. There are two cases to consider.

Case 1: Assume that every point on Fjy,1 is at a distance of at least
loo(r) > lp41(r) from IT;. We can decompose the convex hull of (By - - - B)U
Fj11 into two pieces, a piece K consisting of points that are within [ (r)
of IT; and a piece L consisting of points that are at a distance greater than
loo(r) to II;. Taking the convex hull of L and its projection into II; produces
a region in which C has density less than d,(r).

Let P be any point on the boundary between K and L. All points on the
boundary between K and L are at the same distance to By --- By as P is.
Thus, the region K could be formed by partial rotation of By - - - Bi P about
By Bg.

Let @ be the projection of P into IIy. If we form a solid body S by
taking the convex hull of K and its projection into II, we could compute the
density of C within S by computing §(Ap - - - AxQ, H, f) where H is the affine
hull of Ag---Ay. For all i, A;B; > l;12(r). Also, PQ = loo(r) > lpi1(r).
By Corollary 4.11, the density of C' within S is less than the density of f
over any orthoscheme Ag--- AxAgy1 - An—2Q. In particular, by choosing
Aj41 through A,,_s to be far enough from Aj, we could form an orthoprism
satisfying the hypotheses of Proposition 5.9. Thus, the density of C' within
S is at most dp(r).
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Case 2: Assume Fjy1 contains points whose distance to II; is at most
loo(r). Then by Proposition 5.2, By11 € Fiy1.

We can continue this process until it terminates. When it terminates,
either we've reached the Case 1 (so the density is at most d,(r)) or we've
reached k = n — 2. If K = n — 2, then find F,,_1 in the boundary of F,, .
F,,_1 will be 0-dimensional and might lie on JH". Of course, B, 1 = Fj,_1.
Also, if F,, 1 € H", then F,_1 is equidistant from at least n + 1 of the
hyperplanes in P. Let A,_1 be the projection of F,,_1 into II;. Regardless
of whether B,,_; is in H" or OH", A,,—1Bp—1 > lp41(r).

We’ve found By - -- B,_1 satisfying the hypotheses of Proposition 5.4 so
Ag--+ Ay 1B+ Bp_1 is an orthoprism in which A;B; > l;42(r) for all i.
By Proposition 5.9, the density of C' within this orthoprism is at most d,, ().

We can decompose the entire cell D into pieces of the types created in
Case 1 or Case 2. In all cases, then density of C' within a given piece is at
most dy,(r). Thus, the density of C' within D is at most dy, (7). O

Corollary 5.11. For packings of radius v collars about hyperplanes in H",
the density is at most dp(r).

As usual, it possible that for some packings, the density won’t be well-
defined. Naturally, Corollary 5.11 wouldn’t apply in those cases.

For most values of r, there’s no reason to believe that this bound is sharp.
However, for some values of r, the bound will be sharp. If all of the dihedral
angles in the polytope T' (constructed in Definition 5.7) are submultiples of
7, then we could tile H" with copies of T', producing an optimal packing.

Also, although we conjecture that d,(r) is an increasing function of r,
we make no effort to prove it. If d,(r) is increasing as a function of r,
then Bordczky’s density bound for horoball packing [Bor78] is also a density
bound for packings of collars about hyperplanes.
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